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1 Bfie^eHHe 



HoHHTHe peryjiapHOCTH, BBe;;eHHoe OoH-HeiiMaHOM b 1936 r., Hrpaei Baacnyio 

pojib B TCopHH nojiyrpynn h kojicd;. S^ecb Mbi bbo;],hm noHHTHe n,HKjiHHecKOH pe- 
ryjiapHOCTH. Ilojiyrpynny S naaoBeM v,uKAUHecKu pegyAJipHou, ecjiH KajKflbift ee 
i^HKjiHiecKHH sjieMSHT peryjiHpeH. Bjicmcht b nasbiBaeTCH v,UKAUHecKUM, ecjiH 
b = axa fljiH HCKOTopbix a us S n x ws . noTpcGiiocTt TaKoro o6o6in;eHHs bm- 
SBana tcm oGcTOHTejiBCTBOM, hto MHorooGpaane, nopoJKfleHHoe tcm hjih hhbim 
KjiaccoM peryjiapHBix nojiyrpynn, mohcst ne coctohtb h3 peryjiapHBix nojiy- 
rpynn. OziHaKO, npn nepexo^e k MHoroo6pa3HaM b psifie cjiynaeB coxpanaeTCH 
CBOHCTBO u,HKjiHHecKOH peryjiHpHOCTH. 3to (J)aKT HMeeT MecTO ^jih 0-npocTbix 
nepiio/piHecKHx nojiyrpynn, orpanHHenHoii SKcnoHeHTH. B SToii saivieTKe mbi 
HCCjie^yeM CBoiicTBa n;HKjiHiecKH peryjiapHBix nojiyrpynn h CBusannbix c hhmh 
MHoroo6pa3HH. 



2 OnpeflejieHHH h oGosHaneHHa 

IlycTB X - neKOTopoe nenycToe MHOJKeTBO. Ere sjieMenTBi Gy^eM nasBiBaxB 6yK- 
eoMU, a caMO MnoMcecTBO - aA^aeumoM. Caobom na/i, X nasoBeM jnoGyio Konen- 
nyio nocjieflOBaTCJiBHOCTi) 6yKB. Hepea Sx oGoanaiHM nojiyrpynny Bcex cjiob 
Ha;; X c onepau,HeH npHnncBiBannH. 

Cjiobo u nasBiBaeTca noemopuuM, ecjin Kaxc^aa 6yKBa b hcm BCTpeiaeTCH 
6ojiee Oflnoro pasa; cjiobo u nasbiBaeTCH cumyAfipHUM, ecjin Ka»c;i,asi 6yKBa 
BCTpenaeTCH b neM tojibko o^nn pas. 

IIoflCJEOBO u cnoBa u TiasbmaercR ^UKAUHecKUM {vLjm v,ukaom) , ecjm u > 

2 H Zi ^ = ri (^u ^ . Cjiobo u HasBiBaeTCH noKpumuM "HUKAaMU, ecjin Ka>K/i;aH 
ero 6yKBa bxo^ht b neKOTopoe n;HKjiHiecKoe no^cjiOBO cjiosa u . Hcho, hto Kaac- 

flOe nOBTOpHOe cjiobo nOKptlTO IIHKJiaMH H npOIISBClICHHe cjiob U = Ul%l2 • ■ • Um, 

noKpbiTbix u,HKjiaMH, caMo noKpbiTO ii,HKjiaMH. HanoMHHM, HTO Hepes Ik (w) 
{rk {w)) oGoanaHaeTCH fc-a cjieBa (cnpaBa) 6yKBa cjiOBa w, a nepes |«;| oGoana- 
HaeTca KOjinnecTBO 6yKB b cjiobb w. 

ByKBa t cjiOBa u nasBiBaeTca OAOKupywwifiu, ecjin sto cjiobo HMeeT Bim 
u = UitU2, npnneM t\ui,t\u2,ui\u2- SanncB v\w osnanaeT, hto cjiOBa v vi w 
ne HMeiOT oGmiix 6yKB. SnaK = HcnojEBsyeTCJi fljisi oGosnaHennH coBna^aioni,Hx 
CJIOB, a 3HaK = - fljLH oGosnaHennH paBntix sjieivieHTOB b nojiyrpynnax. OTMe- 
THM, HTO cjiobo He coflepjKHT GjiOKHpyiomHx 6yKB Tor;i,a h tojibko Tor^a, Kor;i,a 
OHO HOKpBiBaeTca n,HKjiaMH. 

Ha HOCJEe^OBaTejibHOCTH 6yKB jHo6oro cjrona u = cjjj • • • aj„ mojkho onpe- 
flejiHTB OTHomeHHe ~ Taxoe, hto: a^^ ~ aj, , ecjiH 6yKBBi a^^ , a,, exo^ht b nexo- 
Topbiit noAn;HKji cjiOBa u hjih k = I. TpansHTHBHoe saMbiKanne ~* HBjiaeTCii 
SKBHBajieHTHOCTbio, KOTopas paaGHBaeT cjiobo u na no;i,cjiOBa u = uiU2 ■ ■ • Um, 
cocTOHmHe H3 SKBHBajieHTHbix 6yKB. 5IcH0, HTO Ui\uj fl/Lsi jno6bix i ^ j . TaKoe 
npe;i,CTaBjieHHe cjiOBa 6y;i;eM nasbiBaTB o6ihum KaHOHUuecKUM paaAootcenueM. 

KojiHHecTBO KOMHoneHT m b KanoHHHecKOM pasjioacenHH cjiOBa u 6y/i,eM 
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HasbiBaTb o6ineu v,UKAUHecKou xapaKmepucmuKou cjiOBa h oGosHanaTb rric (u) . 
EcjiH rric (u) = 1 h |u| > 1, to cjiobo u 6y7i,eM nasbiBaTb peayMpnuM. JlerKO 
BH^eTb, HTO CJIOBO u peryjisipHO Tor^a h tojibko Tor^a, Kor^a ero ^jinna 6ojibme 

1 H KajKfloe cro flByx6yKBCiiiioc noflCjiOBO coflepjKHTca b hckotopom no^ii,HKjie. 

5IcH0, HTO CJIOBO noKpbiBaeTCH ufnuiaMii Tor;i,a h tojibko Tor;i,a, Kor^a \ui\ > 

2 ;i,jisi Bcex i. TaKace otmbthm, hto ccjih \ui\ > 1 pflsi HCKOToporo i, to Ui - 
peryjiHpHoe cjeobo. 

EcjiH KaKaa HiiGy^t 6yKBa x BCTpenaeTca b cjiobc u necKOJibKO pas, to bcc ee 
Bxo»yi,eHHH nona^aiOT b o^ny KOMnoneHTy Ui ee KaKOHHiecKoro pasjioxceniisi. 
HoMcp i STOH KOMnoiiCHTbi 6yfleM HasbisaTB ii;HKj[iiHecKiiM HOMepoM 6yKBbi x b 
cjiOBe u H o6o3HaHaTb (x) . 

Ha MHOJKecTBe scex 6yKB cjroBa u onpe;i,ej[HioTCH ^Ba 6iiHapHbix OTHomeHUH 

H <M onpeflejieHHbie cjie^iomHM o6pa30M: 

xSuU Tor/],a h lOjibKO Tor^a, Kor^a (x) = (y) 
X <u y Tor^a H TOjibKO Tor^a, Kor^a (x) < (y) . 

^Ba cjEOBa u, V nasbiBaiOTCH zomozchhumu, ecjiH ohh coctoht h3 o;i,hhx h 
Tex ace 6yKB. Jiaa. cjiOBa u = uiU2 • ■ ■ Um^(u),v = viV2 ■ ■ ■ Vmdv) nasbiBaiOTCsi 
nodo6HUMU, ecjiH BbinojineHbi cjre/iyiomHe Tpn ycjiOBHJi: 

• nHKjiiiHecKiie xapaKTepHCTHKH cjiob u, v pasHbi, to ecTb rric {u) = nic {v) ; 

• cooTBeTCTByionpie KOMnoHCHTbi Ui h Vi sibjihiotch roMorenHbiMH; 

• ecjiH \ui\ = 1, TO H \vi\ = 1 (h Hao6opoT). 

HcTpyflHO BiiflCTb, HTO, ecjEH cjEOBa u, V noAo6Hbi, TO €u — ^ —U — —V ' 

Mbi TaKJKe 6y/i,eM nojibsOBaTbca cjre/iyiomeii HeTbipexsjieMeHTHoii nojiyrpyn- 
noii, sa^aHHoii onpe;i,ej[5iioiii,HMH cooTHomeHHiiMH cjie;i,yioni,HM oGpasoM: 

An = (a, I = a, =b,ha = 0). 

EcjiH S - HeKOTopaa nojiyrpynna, to nepea rS oGosHanaeTca MHOJKecTBO pery- 

JEHpHblX ajieMCHTOB S. 

Ilojiyrpynna S nasbiBaeTca: pezyAsipno aaMKHymou, ecjiii npoHSBC^CHne pe- 
ryjiapHbix sjieMeHTOB aBjiaeTCH peryjiapHbiM ajieMCHTOM, ^pyrHMH cjiOBaMH, ec- 
JEH rS - no^ipojiyrpynna S. Ctoht OTMeTHTb, hto hc Kaac;i,a5i nojiyrpynna sibjeh- 
CTCH peryjEHpHO saMKHyTofi (nanpHMcp, Aq). Ho TeM ne Menee Aq - nMKjiiiHecKH 
peryjiapnaa nojiyrpynna (no ne peryjiapnaa) . 

OflnaKO, H3BecTH0, ecjm S - opTo;i,OKcaj[bHaH (to ecTb npoii3Be;i,eHHe j[io6bix 
HfleMnoTCHTOB S sB.nHTCH H^eMnoTCHTOM) , TO S peryjiapno saMKnyTa. /Jeii- 
CTBHTCJibHO, nycTb a — axa, b = byb fljia ncKOTopbix ajiCMenTOB a, b, x, y h3 S. 
Tor^a xa, by - n^eMnoTeHTbi. HosTOMy xa ■ by - tojkb n^eMnoTeHT. HojiynnM 
a ■ b = axa ■ byb = a (xa ■ by)b = a {xa ■ by) {xa ■ by) b = = {axa) {byxa) {byb) , 
OTKy^a ab = abyxab 

EcjiH S - HCKOTopaa nojryrpynna, to nepea / (a) oGosnanaeTCH raasHbiii 
Hfleaji, nopoxcfleHHbiii sjieMCHTOM a, to ecTb I {a) = S^aS^. 
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3 BcnoMoraxejibHMe yTBep^K^eHHH 

JleMMa 1. EcAU e nonyzpynne S dAJi HCKomopozo namypajibHozo n eunoAHH- 
mmcM mojtcdecmea 

= (1) 

xyx = (xyY"^^x (2) 

mo S - ViUKAUHecKU pezyAsipnan noAyzpynna. 

/JoKaaameAbcmeo. BBiTexaeT h3 onpeflejieHiiii. □ 

JleMMa 2. Uycm'b S - t^uKAUHecKU pezyAfipHasi noAyzpynna, a, e, f,w - sacmch- 
mu S. EcAU e, / - udeMnomeHmu u npuHadAeotcam ZAaenoMy udeaAy I (a) , a 
maK'jtce UMeem Mecmo paeencmeo w — ew — wf, mo w - pezyAJipnuu SAeMenm. 

^oKaaameAhcmeo. Ho ycjiOBHio HfleMnoTeHTBi e, / npHHafljiejKET / (a) . IIoaTO- 
My e = eiae2, / = /ia/2. Bes orpaHH^^enHH o6ili;hocth mojkho chhtrtb ei^2j /i,2 
HenycTBiMH chmbojiemh (b npoTHBHOM cjiynae paBCHCTBa e = eiae2, / = /ia/2 
MOJKHO cjieBa H cnpaBa flOMHOJKHTb cooTBeTCTBenHO na e h /). IIojiyHHM, w = 
ewf = eiae2 ■ w ■ /ia/2 = ei {ae2W ■ fio) z {ae2W ■ fio) /2 = ew {fiazae2) wf, 
OTKy;i,a w = w (fiazae2) w. □ 

IIpeflJio^eHHe 1. FAaenue udeAU e i^uKAUuecKU pezyAsipnou noAyzpynne pe- 
zyAfipHO aaMKHymu. 

JHoKasameAticmeo. IlycTb S - n,HKjiHHecKH peryjiapnaa nojiyrpynna, a - sjie- 
MCHT 5. IlycTb 6, c - peryjiHpHbie sjieMenTbi I (a) . ^OKajKCM, hto he - peryjiap- 
Hbiit sjieMeHT B nojiyrpynne / (a) . Ho ycjiOBHK) b — bxb, c = eye pjiK neKOTopbix 
x,y M3 I (a) . IlycTb e — bx, f — ye . 5Icho, ^ito e, / - HfleMnoTeHTbi h npHHa/i,- 
jiejKaT / (a) . C flpyroii CTopoHbi, e ■ be — bxbe — be, be ■ f — beye — be. TLo 
jiCMMe ^w — be - peryjiapHbifi sjieMenT S. 3to osHanaeT, mo be = bczbe ^jih 
HeKOToporo z h3 S. Tor^a be ^ be ■ z'^bc , rp,e = zbez npHHafljiejKHT / (a) 
3to osHanaeT, hto be - peryjiapHbiii sjicmcht b / (a) . □ 

IIpefljiojKeHHe 2. Uycm'b S - npouseoAbuaji v,uKAUHecKu pezyAftpnasi noAy- 
zpynna. EcAU w - npouseoAbHoe pezyAJipnoe CAoeo, mo w - pezyAJipnuu 9Ae- 
Menm S (uMeemcji eeudy ananeHue w npu ak)6ou nodcmaHoene SHaueHuu 6yKe 
U3 S). 

/l,oKa3ameAbcmeo. B flajibHeiinieM cjiobo Sy^eM nasbiBaTb xopomuM, ecjm ero 
3HaHeHHe npii jiio6oh no/],CTaHOBKe SHaHeHHii 6yKB h3 S HBjiaeTCH peryjiHpnbiM 
3jieMeHT0M. Tpe6yeTCH flOKasaTB, mo jiio6oe peryjiapnoe cjiobo w aBjiaeTCH 
xoponiHM. TaK KaK w - peryjiapnoe cjiobo, to > 1 no onpeflCjieHHio. IlycTb 
X — h {w) , y — I2 (w) . TaK KaK w - peryjiapnoe cjiobo, to nepBaa ii BTopaa 
6yKBbi STOro cjiOBa /iojtjkhbi bohth b HCKOTopbiit ii;hkji w < w, totp^sl u = w'w" , 
rfle w" - HCKOTopoe cjiobo iijih nycToii chmboji. Ho ycjiOBiiio, w - xopomee cjiobo. 
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nycTb cjiOBO w npeflCTasHMO b BH^e w = u-v , r^e u - xopoinee cjiobo, a, v - 
cjiOBO HjiH nycToit chmboji. HpiiHeM, cjiobo u HMeeT HaH6ojibmyio BOSMOJKHyio 
fljiHHy. EcjiH w = u, TO w - peryjiHpHbiii sjiCMenT S, to cctb w - xopoinee cjiobo. 

IlycTB w ^ u. IlycTb y - nocjieflHHa: 6yKBa b cjiobc u; z - nepBaa 6yKBa b 
cjiOBC V. EcjiH cjiOBa u,v ne hmciot o6ili;iix 6yKB, to y n z ne CBasanbi OTHome- 
HHCM B cjiOBB w , TO ccTB w - He peryjiHpHoe cjiobo (Tax KaK hbt hh oflHoro 
ii,HKjia c Ha^ajiOM b u a kohli,om b u). SnanHT, cjiOBa utl v hmbiot oGmyio 6yKBy. 
riycTb z - o6iLi;aH SyKBa cjiob u h v. Tor^a u = uizu2 ; v = Vizv2 , flJia hcko- 

TOpblX CJIOB Ul^2 H Vl,2. PaCCMOTpHM CJIOBO U'^ = U1ZU2V1Z . HOKaJKeM, HTO 

- xoponiee cjiobo. SacjaiiKcnpyeM KaKyio-Hii6yfli> noflCTanoBKy 6yKB cjiOBa w b 
nojiyrpynny S. Ho npe^nojiojKeHHio, snaHeHHe cjiOBa u - peryjiapHbiii sjieMBHT 
B nojiyrpynne S, to cctb b STOii nojiyrpynne u ~ uau {flflsi HCKOTOporo a , 
npiinafljiejKamero S) . 3fi,ecb h ^ajiee SHaneHiie jiio6oro cjiOBa (noflCjiOBa cjiOBa 
w ) npH 4)iiKCHpoBaHHOH Bbime noflCTanoBKe 6yKB h caMO cjiobo 6y/i,yT o6o3Ha- 
HaTbCH ofliinaKOBO, a snaK — 6y^eT HcnojibsOBaTbca fl/in o6o3HaHeHHH paBHbix 
ajieMBHTOB B nojiyrpynne S. 

06o3nanHM b nojiyrpynne S sjicmcht ua nepea e , to ecTb e = ua ~ Uizu2a. 
Tor/i,a eu"^ = euizu2Viz = euviz = uauviz = uviz = uizu2Viz ~ . Ho ycjio- 
BHK), ZU2V1Z - peryjiapHbiH sjicmcht b S, to cctb zu2Viz — {zu2Viz) b {zu2Viz) , 
fljia HCKOToporo sjiCMcnTa b h3 S. 06o3nanHM nepea / = bzu2VZi. Torfla: 

U'^ f ~ {uiZU2Vlz) bzU2VZl = Ul {zu2Viz) b (zu2Viz) = 
— Ul {zU2Viz) = u"^ . 

TaK KaK sjieMCHTbi e vl f hmciot b nojiyrpynne S o6in,HH flejiHTejib z , to ohh 
npnnafljiejKaT iifleajiy / (z) . Ho JleMMe ^ - peryjiapHbiii sjieMenT S. Cne- 
flOBaTCjibHO, CJIOBO - xoponiee. Ho, TaK KaK w ^ uv = uizu2Vizv2 — u'^V2 n 
I > |m| , TO nojiynacM npoTHBopenne c npeflnojiosKenneM, hto fljinna cjiOBa u 

- HaH6ojibmaa h3 B03M0}KHbix. CjicflOBaTCjibHO, cjiynaii w ^ u neB03M0}KeH. □ 

CjieflCTBHe 1. SnaueHUH pezyAsipnux CAoe e noAygpynne sieAfiKimcfi peayAJip- 
HUMu SAtMeHmaMu mozda u moAt>Ko moada, Kozda sma noAyzpynna v^ukauhc- 
CKU pezyAJipna. 

JleMMa 3. EcAu u - pezyA-Hpnoe CAoeo, mo npu Am6oM DudoMopcfjuaMe f : 
Sx Sx o6pa3 - pezyAfipHoe CAOeo ( adecb u duAee o6pa3 f (u) CAoea u 
oOosHauaemcR nepea ). 

ffoKaaameAbcmeo. /],0CTaT0nH0 ^OKa3aTb, nTO jiio6bie flBC CMejKHbie 6yKBbi b 
cjiOBC npnnafljiejKaT ncKOTopoMy ero nofln,HKjiy. HTaK, nycTb xy - flByxSyK- 
BeHHoe no/i,cjiOBO . Bo3MO>Knbi fxsa. cjiynaii: 

1. xy - noflCjiOBO cjiOBa ^jia neKOTopoii 6yKBbi c cjiOBa u. HocKOjibKy pe- 
ryjiapnoe cjiobo noKpbiBaeTca u^nKjiaiviH, to 6yKBa c bxo/i,ht b neKOTopbin 
nojinoKji u cjiOBa u . 

2. X = ri (a-^) ,y — li (6-^) ;i,jih ncKOTOporo ab - flByx6yKBennoro noflCjiOBa 
u. Torfla cjiobo ab bxo^ht b neKOTOpbiii noflii,HKji u cjiOBa u. 
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HtRK, B JII060M H3 BOSMOJKHblX CJiyHaCB Mbl npHXOflHM K HeKOTOpOMy nOflCJIO- 

By u cjiOBa u , sBjiHioineMyca ii;hkjiom, npHHCM flByx6yKBeHHoe cjiobo xy sb- 
jiaeTCH noflCjiOBOM cjiosa {u')^ . IlycTb u' = xu'^x, x^ = ai-^ai.-^ ■■■ai^, Tor;i,a 

^ = aiiflij • • • fli^ {'^'^Y ^ii^i2 ' ■ ' JlerKO BH^eTb, hto jiio6i>ie flBe CMejK- 

HBie 6yKBiji cjiOBa (^u ^ bxoaht b neKOTopbiH noflri,HKji. B lacTHOCTH, sto Bep- 

HO H 6yKB X, y. HTaK, jiioSbie ;i,Be CMejKHbie 6yKBbi cjiOBa npHHafljiejKaT 
HCKOTOpoMy nofli];HKjiy. CjieflOBaTejibHO, u-^ - peryjiapnoe cjiobo. □ 

IIpeflJio^eHHe 3. Ecau CAoea u u v nodoSnu, mo moatcdecmeo u — v eunoA- 
Hfiecfi e noAygpynne Aq. 

ffoKaaameA'bcmeo. IIpeflnojiojKHM, hto cjiOBa u h w uopp6mA. SacjjHKCHpyeM 
KaKyio-KHGyflb noflCTanoBKy / h3 aji4)aBHTa X b nojiyrpynny ^o- no onpe/i,e- 

JieHHK) CJIOBa It, V flOJIJKHbl HMCTb BH/],: U = U1U2 ■ ■ ■ Urm V = V1V2 ' ' • Wm , npHHeM, 

cooTBeTCTByiomHe KOMnoHenTbi Ui h Vi aBjiaiOTCH roMoreHHbiMH. TaKsce, na oc- 
HOBaHHH onpeflejiCHHa, ecjiH \ui\ — 1, to h \vi\ — 1 (h Hao6opoT) fljiH Bcex 

i = 1, 2, • • • , TO. PaCCMOTpHM B03M0JKHbie cjiyiaH. 

1. \ui\ > 1. B TaKOM cjiy^ae \vi\ > 1. CjiOBa Ui,Vi hbjihkjtch peryjiapHBiMH 
(no onpeflCJieHHio KanoHHHecKoro paajioJKeHHs cjiosa). IIo npe^jioJKeHHio 
[21 b jik)6oh i^KKjiH^iecKH peryjiapnoH nojiyrpynne SHa^enHH peryjiapHtix 
cjiob hbjihiotch peryjiapnbiMH sjieMeHTaMH. JlerKO saMCTHTb, hto nojiy- 
rpynna Aq - i^HKjiHnecKH peryjiapnaa. /JeftcTBHTejibHO, 3Ta nojiyrpynna 
cocTOHT H3 HBTbipex sjieMeHTOB a,b, z = ab nO n mojkct Ghtb 3a;i,aHa Ta6- 
jiHD,eH Ksjih: = {<!■> b, z,0 \ ^ a, b^ = b, ab = az = zb — z}. HeyKa- 
saHHbie npoH3BefleHHH CHHTaiOTCH paBHbiMH Hyjiio. HcTpyflHO y6eflHTbCH, 
^TO B STOit nojiyrpynne BbinojinjiiOTca TOJKflecTBa ([T]) n ([2]) fljia n = 1. 
Ho jieMMe [1] saKjiionaeM, hto Aq - u^HKjinnecKn peryjiHpnaa nojiyrpynna. 
HosTOMy snanenna cjiob Ui n Vi ^ojiJKHbi 6biTb peryjiapHbiMn sjieMCHTaMH 
B nojiyrpynne ^o- Cjie^yeT OTMexHTb, hto, ecjin npn paccMaTpnBaeMoit 
4)HKCHpoBanHOH noflCTanoBKe SHanenne xots 6bi Oflnoii 6yKBbi d h3 Ui 
paBHO z , TO SHanenne Bcero cjiosa Ui o6a3aHO paBnaTbca . flfiikcTBu- 
TejibHO, nocKOJibKy ut - peryjiapnoe cjiobo, to oho ^ojukho hmctb bh^ u = 
wicw2dw3CW4 p,jisi neKOTopoH 6yKBbi c n ncKOTopbix cjiob wi,2,3.4 (bos- 
MOJKno nycTbix). Tor^a f (u) = f (wi) f (c) / (^2) zf (ws) f (c) / (W4) = 0. 
3to jkc yTBepjKflenne HMeeT mccto h ^jih cjiOBa Wi. PeryjiapnbiMH ajie- 
MenTaMH b nojiyrpynne Aq aBjiaiOTca tojibko a, 6, 0. Ecjin 3naHenHe cjiOBa 
Ui paBno o, TO 3HanenHe Bcex 6yKB cjiOBa Ui paBno a. Tor^a 3naHenHe Bcex 
6yKB CJIOBa Vi TO»ce paBno a, nocKOJibKy cjiOBa Ui, Vi cocToaT h3 o^nnaxo- 
Bbix 6yKB. EcjiH 3nanenHe cjiOBa Ui paBno 6, to snanenne Bcex 6yKB cjiOBa 
Ui paBno b. Tor^a snanenne Bcex 6yKB cjiOBa Vi tojkc paBno b, nocKOJibxy 
CJIOBa Ui, Vi cocToaT h3 o^nnaKOBbix 6yKB. Ecjin snanenne cjiOBa Ui paBno 
b, TO 3nanenHe Bcex 6yKB cjiosa Ui pasno b. Tor^a snanenne Bcex 6yKB 
CJIOBa Vi TOiKe paBno b, nocKOjibKy cjiosa Ui,Vi cocToaT h3 oflnnaKOBbix 
6yKB. EcjiH 3naHenHe cjiOBa Ui paBno , to bo3mo>kho flBa cjiynaa: 
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(a) 3HaHeHHe oflHofi H3 6yKB cjiobe ui pasHO 0; 

(b) SHa^iCHHe hh oflHofl h3 6yKB cjioea Ui ne pasHO 0. 

EcjiH HMceT MecTO cjiynaH lla[ to SHa^eHHe cjioea Vi pasHO 0, nocKOjibKy 
cjiOBa Ui^Vi cocToaT h3 oflHHaKOBbix 6yKB. 

IlycTb HMeeT MecTO cjiy^aii llbl Ecjih 3Ha^^eHHe xoth 6bi h3 oflHofl: 6yKB 
cjiOBa Ui paBHO z, to, KaK OTMeHajiocb Bbime, SHa^eHHa cjiob Ui h Vi paB- 
Hbi 0, nocKOjiBKy 3th cjiOBa coctoht h3 oflHHaKOBbix 6yKB. OcTajiocb pac- 
CMOTpcTb CHTyai];Hio, npH KOTopofi SHaieHiia 6yKB cjiob Ui paBHBi jih6o 
a, jni6o 6, npHneM b cocTaB cjiOBa / (u^) — Ui (a, h) o6H3aTejibHO bxo;i,ht 
6yKBbi a n b. Tor^a snaHemie cjiOBa Vi paBHO f (vi) = Vi (a, b) , npHiCM 
B cocTaB cjiOBa Vi (a, b) Bxo;i,iiT 6yKBH a h 6. HocKOjibKy / (vi) = Vi (a, b) 
- peryjiapHbiii sjieMeHT, to Vi (a, b) — Vi (a, b) v'^Vi (a, b) fljia HCKOTOporo 
ajiCMeHTa h3 Aq. Ecjih = 0, to Vi {a,b) — — u. Ecjih v'^ ^ 0, 
TO v"^ = v"^ {a, b) - cjiOBO OT sjieMCHTOB a, b. SaKjuo^iaeM, Vi (a, b) = 
Vi (a, b) v'^Vi (a, b) = Vi (a, b) v"^ (a, b) Vi (a, &) coflepjKHT no/],cjiOBO 6a. 3to 
03HaHaeT, ^to Vi (a, &) = = (a, b) . HTaK nojiynaeM, hto SHaHenna cjiob 
Ui H coBna^aiOT (npn jiio6oh noflCTanoBKe sjicmchtob Aq bmccto 6yKB) . 
3to 03HaHaeT, hto b nojiyrpynne Aq BbinojiHaeTca TOJK;i;ecTBO Ui — Vi. 

2. \ui\ — 1. Torfla \vi\ — 1 (no onpeflejiCHHio noflo6Hbix cjiob). HocKOjiijKy 
cjiOBa Ui, Vi roMoreHHbie, 3aKj[iOHaeM, Ui — Vi - oflnnaKOBBie 6yKBbi. HTaK, 
BO Bcex B03M0JKHHX cjiyiaax B nojiyrpynne BbinojinacTca TOJKflecTBO 

= Vi. 

OTKy/i,a cjieflycT, ^ito b nojiyrpynne Aq BbinojinaeTca TOJKflecTBO u — v. □ 

4 OcHOBHbie pesyjibTaTbi 

B cjieflymefi TCopcMC Hcnojib3yiOTca ccmb KoneHnbix nojiyrpynn h3 paGoTbi aB- 
Topa P], 3a;],annbix onpeflejiaioiu,HMH cooTHonieHnaMn: 

A = {x,y \ X — x^-^y^ — 0]xy — yx), 

B = (a;, y I = 0; = 0; xyx = yxy), 

C\ = (a;, y I = x^; xy = y; yx"^ = 0; y^ = 0), 

Cp = {x,y I = x^\yx = y;x'^y 0; 0), 

N^ = {x\x^ ^ 0), 

D = {x,y\x'^ ^{);y ^ y^; yxy = 0), 

Kn = (x,y I x^ = 0;y^ = y"-+'^;yxy = 0;xy«x = 0, (g = 2, • • • ,n);xyx = 
xy"+-^x). 

TeopeMa 1. ^yij* MHoaoo6pa3uji nonyzpynn V cjiedymiUjUe eoucmea BKeuea- 
AenmHU. 

1. Bee noAygpynnu MHOzoo6pa3usi V u,ukauhcku pezyAsipnu. 

2. B MHOzoo6pa3uu V eunoAHHwmcfi moatcdecmea ^ u ^ dAJi HCKomopozo 
HamypaAbHozo hucau n. 
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3. V He codepotcum hu odnou U3 kohbhhux noAyzpynn A, B, C\, Cp, N3, D 

u Kn- 

JJoKaaameAbcmeo. Cjiepyei h3 jieMMi>i[T]H jicmmbi 10 h3 pa6oTbi [2]. flpCTaTOH- 
HO npoBepHTb, HTO nepeHHCjieHHbie Bbime KOHenHbie nojiyrpynnbi ne HBjiaiOTCH 
IIHKJIH^^eCKH peryjiHpHbiMH. □ 

CjieflCTBHe 2. Ecau KOHeuHue noAyepynnu MH020o6pa3usi neAsimmcsi i^ukau- 
uecKU pezyAsipHUMU, mo u see noAyzpynnu smozo MH080o6pa3UJi fieAsimmcsi 

VjUKAUHCCKU pegyAMpHtlMU. 

CjieflCTBHe 3. Cymecmeyem aAzopum noAUHOMuaAbHou CAOCHCHOcmu, onpe- 
deAHwmuu no KoneuHOMy 6a3ucy mooK-decme MHOZOo6pa3UJi, ece au ezo noAy- 
Bpynnu MBAjnomcji 'hukauhccku pezyAJipHUMU. 

/foKa3ameAbcmeo. Cjie;i,yeT h3 TepeMi>i[T]H Toro (JjaKTa, hto npoBcpKa Bbinoji- 
HHMOCTH TOJKflecTB HR Hojiyrpynnax (1) — (7) hmcct nojiiiHOMHajiBHyio cjiojk- 
HOCTb (cm. [T|). □ 

TeopeMa 2. /],a^ MHozoo6pa3UJi noAyzpynn V cAedyminue ceoucmea aneuea- 
AenmHU. 

1. Bee noAyzpynnu MHOzoo6pa3UM V pezyAnpno 3aMKHymu. 

2. Cpedu mootcdeeme 6a3uea MHOzoo6pa3UJi V ecmb mojicdecmeo u — v, y 
Komopozo CAoea u, v ne nodo6HU. 

3. B MHOzoo6pa3uu V eunoAUJiemeji moatcdecmeo euda x"?/" = uyxv, zde 
x,y -ByKetL, au,v - CAoea (eo3MocitcHO nyemue). 

4-. MHOzoo6pa3ue V ne eodepotcum noAyzpynnu Aq. 

/],0Ka3ameAbcm60. [TJ=>[2j npe;i,nojiO}KHM, Bce nojiyrpynnBi MHOroo6pa3HH V pe- 
ryjiapHO 3aMKHyTbi, ho Bce TOJKflecTBa u = v 6a3H3a, KOToptiM 3aflaeTCH V, 
cocTOST H3 noflo6Hi>ix cjiOB. B 3T0M cjiy^ac Af) npHnafljiesKHT MHoroo6pa3Hio 
V no npefljiojKeHHK) [31 Ho nojiyrpynna Aq ne HBjiaeTCH peryjiapno 3aMKHy- 
Toii, T.K. npoH3BefleHHe peryjiapHbix sjieMCHTOB a • & ne HBjiHeTCH peryjiHpnbiM 

ajieMBHTOM. IIpOTHBOpeHHT npeflnOJIOJKCHHIO. 

[2]:4^3l IlycTb cpe/],H TOJKflecTB 6a3Hca MHoroo6pa3Ha V BbinojiHseTca tojk- 
flecTBO u = w , y KOToporo cjiOBa u, v ne no/i,o6Hbi. 3to bo3mojkho b o^hom h3 
HCTbipex cjiy^^acB: 

1. u,v - ne roMoreHHbie cjiOBa; 

2. u,v - roMoreHHbie cjiOBa, ho e„ 7^ 

3. u,v - roMoreHHbie cjiOBa, e„ — ho <n7^<u; 

4. u,v - roMoreHHbie cjiOBa, = <u~l£v, npH^^eM, fljia ncKOTOporo i 

CJIOBa Ui H Vi HMeiOT BHfl Ui — Z , Vi = z'' fl/LSL HeKOTOpOH 6yKBI>I Z H 

HaTypajiBHoro HHCjia fc > 1. 
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B nepBOM cjiynae [TJ nojiynaeM, hto b KanecTBe cjieflCTBHH TO>KflecTBa u = v 
MO>KHO nojiyHHTb TOJKflecTBO BHfla w^yv"^ = a;". IIoflCTaBjiHa BMecTO y t-^ xy n 
yMHOHcaa cnpaBa nojiyHCHHoe TOxcflecTBO na y", nojiy^HM b KanecTBe cjieflCTBHH 
TOJK^ecTBO BH/i,a a;"?/" = uyxv. 

Bo BTopoM cjiyHae[2]nojiyHaeM, hto cymecTBycT napa pasjiH^Hbix 6yKB x,y , 
fljiH KOTopoH Nu (x) Nu (y) , HO Ny (x) = Ny (y) (hjih Hao6opoT). IlycTb ^jia 
onpe^ejieHHOCTH (x) < (y) ■ PaccMOTpHM OToSpajKeHHe F : Xu — > 
(r^e Xu - MHOscecTBO 6yKB b cjiobb u), onpe/],ejieHHoe npaBHjiOM 

ecjiH Nu (z) < Nu (x) ; 
ecjiH Nu (z) > Nu (x) . 

SaMBTHM, HTO f (x) = x,f(y) = y. Torfla ~ u(u2--u{^ = x^yK IIocKOjiBKy 
Ny [x) = Ny (y) , TO SyKBM a;, y jiescaT b oflHoii KOMnoHCHTe Vi KanoHmecKoro 
pasjioJKeHHH cjiOBa v = vi..Vi..Vm- no onpeflejiCHHio Vi - peryjiapnoe cjiobo. 

IIojiyHHM, = (^^l--)^ {■■VmY — ^ -"^i ' ■ OTMeTHM, ^ITO V , v{ , V - CJIOBa 

OT 6yKB x,y, hphhcm, 6yKBbi x,y HpncyTCTByiOT b cjiobc v( . Ho jieMMe[31 v( 
- peryjiapHoe cjiobo [k&k o6pa3 peryjiapnoro) ot nepeMCHbix x,y. SaKjiiOTaeM, 
HTO CJIOBO yx - no;i,cjiOBO v{ . B hpothbhom cjiy^ae cjiobo v{ = x^y"^ ne HBjiaeTCH 
peryjiapHbiM. BbiBOfl: cjieflCTBiieM TOJKflecTBa u — v HBjiJieTCH tosc^cctbo BH^a 
x^y^ = u^yxv"^ . 

B TpcTbCM cjiyHae[31 HOjiynaeM, hto cyin,ecTByeT napa paajiHHHbix 6yKB x, y 
, PfSiR KOTopoii Nu [x) < Nu (y) , ho Ny (x) > Ny {y) (hjih Hao6opoT). Pac- 
CMOTpHM OTo6pa>KeHHe F : Xy Xu (r^e Xu - MHOJKecTBO 6yKB b cjiobc u ), 
onpeflCjieHHoe npaBHjiOM 



X ecjiH Nu (z) < Nu (x) ; 
y ecjiH Nu (z) > Nu (x) . 



SaMCTHM, HTO f (x) = X , f {y) — y. Tor^a ~ u{u2..ul^ = x'^y\ = 
V yv XV . BbiBo;;: cjieflCTBHCM TOJKflecTBa u ^ v HBjiaeTca TO>K^ecTBO BH^a 
x'^y' = u^yxv"^ . 

B ^leTBcpTOM cjiynaelH paccMOTpiiM OTo6pa}KeHHe F :: Xu — > Xu (r^e Xu - 
MHOscecTBO 6yKB B cjiOBe u ), onpeflCjieHHoe npaBHjiOM 

ix ecjiH Nu [t) < i 
y ecjiH Nu (t) > i 
xy ecjiH t — z. 

Torfla u-^ = u^U2--u{^ — x'^y^ — v yv xv . BbiBO^: h b stom cjiynae cjie^- 
CTBHCM TOJKflecTBa u — V HBjiHeTCH T0}K;i,ecTB0 BHfla x^y^ — w^yxv"^ . 

[2H^31 /I,OCTaTOHHO HOKaSaTb, TITO TO>K^eCTBO BHfla x"?/" — uyxv He BblHOJI- 

HacTCH B HOjiyrpyHHe ^o- A^HCTBHTejibHO, npH HOflCTanoBKe x ^ a,y ^ b 
SHaneHHe jibboh nacTH paBHO ab, a SHaneHHe npaBoit nacTH paBHO 0. 
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[3J=^ IlycTb B MHoroo6pa3HH V BbinojiHaeTCH TOJKflecTBO BH^a x^y" = 
uyxv . IlycTb a,b - peryjiapHbie sjieMeHTbi HeKOTOpoii nojiyrpynnBi S h3 V. 
HMeeM a — aa a,b = bb b jiJisi HCKOTOpbix a ,b h3 5*. IlycTb e — a a, f = 
bb . 5IcH0. HTO e, / - HfleMnoTeHTbi nojiyrpynnti S. IIpH noflCTanoBKe x — 
c; y ~^ / B TOJK^ecBO cc"?/" = uyxv nojiyHHM paBencTBO ef = cfed b no- 
jiyrpynne S fljia neKOTptix sjieMeHTOB c, d h3 S, npHHCM, c = c{e, f) ,d = 
d (e, /) - 3T0 BbipajKeHHs ot sjieMCHTOB e, / hjih nycTbie chmbojim. OiKyfla 
ef = ec{e, f) fed{e, f) f = efwef fljiH HCKOToporo ajieMCHTa w h3 5*. JJ^suiee, 

ab = aa a ■ bb b = a (^a a ■ bb^ w (^a a ■ bb^ b = ab (^b wa ^ ab. Cjie^OBaTejiBHO, 
ab - peryjiHpHbiii sjieMenT. 

[4l=^ IlycTb MHOroo6pa3He V ne coflCJKHT nojiyrpynnbi Aq. IIpeflnojiojKHM, 
HTO y Bcex TOiK/i;ecTB u — W3 6a3Hca, cjiOBa u,v - nofloGnbie. Ho npefljiojKeHHio 
[31 ^0 npHHafljie>KHT MHoroo6pa3Hio V. IIpoTHBopeHeHHe. □ 

CjieflCTBHe 4. Cymecmeyem aAzopuruM nuHeuHou CAOotcHocmu ( om exodnux 
duHHUx), onpedcAMOinuu pezyAfipHym saMKHymocmti ecex noAyepynn mhozo- 
o6pa3UH, sadaHHOzo kohchhum Ha6opoM moatcdecme. 

CjieflCTBHe 5. ToMcdecmeo u — v eunoAHnemcsi na noAyapynne Aq mosda u 
moA-bKO moada ,Koada CAoea u,v nododnu. 



CnHCOK JiHTepaxypbi 

[1] S. Bakulin, On identities of indicator Burnside semigroups, 
arXiv:1009.2337vl [math.GR]. 

[2] S. Kublaiiovsky, On the Rees—Sushkevich variety, arXiv:1009.2982vl 
[math.GR]. 



10 



